In this paper we consider the bending theory of Mindlin-type elastic plates. We study the spatial evolution of the solution of a non-standard problem. This problem is characterized by some constraint conditions in which the displacement and velocity at a given time are proportional with their respective initial values. The study is organized in two parts: in the first part we consider the materials with internal energy density positive definite and in the end we study the strongly elliptic materials. Using numerical analysis for some materials, we compare the different Saint-Venant's type decay rates obtained.
Introduction
Throughout this paper we consider the linear bending theory of elastic, homogeneous and isotropic thin plates based on a Mindlin-type assumption on the displacement, see Constanda (1990) , Midlin (1951) and Reissner (1944) . The importance of the bending theory of elastic plates comes from the wide range of applications, recalling only the building materials and electronic production. The spatial behaviour for the transient solution in the bending of a Mindlin-type thermoelastic plate is studied by D' Apice & Chiriţȃ (2003) .
A variety of physical situations leads to a class of problems called ill-posed problems. These problems fail to have a unique solution or the solution does not depend continuously on the data or fail to have a global solution. A method for stabilizing these problems is to change the initial and/or boundary conditions in such a way to make the problem well-posed leading us to the non-standard problems, see Ames & Straughan (1997) . In this way, Knops & Payne (2005) considered a non-standard problem associated with the theory of classical linear elasticity for a cylinder. The initial conditions are replaced with some proportionality conditions between the displacement and velocity at a given moment with their respective initial values. Providing that the elasticity tensor is positive definite, estimates describing the spatial behaviour of the elastic process corresponding to these type of non-standard problem are obtained by Ames & Straughan (1997) ; Knops & Payne (2005) .
In this paper we study the spatial evolution of the solution of a similar non-standard problem in the bending theory of elastic plates, which are subject to null supply terms and null lateral boundary con-Let us consider a rectangular plate with the thickness h occupying the region
, L > 0, l > 0, and 0 < h = const. diamΣ (see Fig. 1 ). The length of the plate is denoted by L and the width by l. For semi-infinite plates, we consider that the length L tends to ∞.
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Σ (t) (z)
FIG. 1. The rectangular plate with the thickness h
The width of the plate is constant. However, we will denote the width by l t (z) in order to indicate that the respective quantities are evaluated in the cross-section x 1 = z and at the time t. We will also use (see Fig. 1 ) the set Σ t (z) = {x ∈ Σ : z x 1 at time t}
.
We denote the interior of the region Σ × − h 2 , h 2 by Ω and we assume that it is filled with an isotropic and homogeneous elastic material.
In what follows, we assume that the displacement field u = (u 1 , u 2 , u 3 ) satisfies the conditions:
ii) u i are of class C 1 on Ω × [0, T ].
In the theory of Mindlin type elastic plates (see Constanda (1990) , Midlin (1951) and Reissner (1944) ), an admissible process is a state of bending on Ω × [0, ∞) provided
(2.1)
Assuming that the supply terms are null and the forces and moments on the faces x 3 = ± h 2 vanish, by the through-the-thickness integration procedure we have that the basic system of partial differential equations from the bending theory of elastic plates, see Constanda (1990) , is the following
2)
where I = h 3 12 and ρ > 0 is the material density. The constitutive equations are given by
where λ and μ are the Lamé constants, δ i j is the Kronecker delta and
The internal energy density W (0) per unit area of the middle plane, associated with the kinematic fields v α and w is defined by
(2.5)
Let us remark that the quadratic form W (0) is positive definite if and only if
The equations (2.2), (2.3) can be expressed in terms of v α and w. Thus, we obtain
where Δ is the Laplace operator. Furthermore, we consider the non-standard problem P defined by equations (2.2)-(2.4), the following lateral boundary conditionṡ
conditions on the end l t (0)
and the following relations between the final values and the initial values of the unknown functions, that is
In the above relations a α (x 2 ,t), b(x 2 ,t), are prescribed differentiable functions compatible with the initial/final data and the lateral boundary data. The constants ψ, ζ and χ are prescribed and satisfy the conditions |ψ| > 1, |ζ | > 1 and |χ| > 1. (2.11)
The constraint conditions from (2.10) help us to maintain displacement and velocity in a range depending on the initial values and constraint constants. In construction engineering it is important to control the deformation and the conditions (2.10) tend to such thing(see also Knops & Payne (2005) ).
Using the semigroup theory, an unified way to treat existence and uniqueness of the solutions of this type of nonstandard problems was given by Quintanilla (2005) . The uniqueness of the solution of the considered type of nonstandard was also considered in Quintanilla (2008) .
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Auxiliary estimates
For any vector M of the form
we define the magnitude
Ciarletta (2002) proved that if the constitutive coefficients satisfy the inequalities
then there is a positive constants μ M so that the magnitude of the vector
In the proof of this fact, Ciarletta (2002) used a analog inequality from the three-dimensional approach, like in Mehrabadi et al. (1993) and Gurtin (1972) . The following lemma give a similar estimate with (2.15) but in some milder conditions upon the constitutive coefficients. In fact, the bellow lemma cover the class of materials for which the inequalities (2.6) are satisfied.
LEMMA 1 Let assume that the constitutive coefficients satisfy the inequalities
Then there is a positive constant μ (0) M so that the magnitude of the vector
Proof. Let us consider the following bilinear form 
By means of the Schwarz's inequality and by using the relation (2.22), we get
So that, in view of (2.19) we deduce
and the proof is complete.
In the three dimensional case, the usual assumption is that the internal energy is a positive definite quadratic form. This means that the Lamé's coefficients satisfy the inequalities (2.14), i.e. the Poisson's ratio ν ranges on the interval (−1, 1 2 ) and the Young's modulus is positive. In connection with Lakes (1987 Lakes ( , 1992 Lakes ( , 2001 , one can assume some relaxed conditions upon Poisson's ratio. In the bellow table we illustrate how the conditions imposed in this paper upon Lamé's coefficients are reflected into restrictions for Poisson's ratio and Young's modulus.
Class 0 (usual assumptions for stability in tridimentional case)
Class 1 (stability conditions for plate model) It is easy to see that if the Young's modulus is positive our first and second extension refer to elastic materials characterized by Poisson's ratio ranging on the interval (−1, 1 2 ) ∪ (1, +∞). If Young's modulus is negative the materials for which ν ∈ (−∞, −1) are also covered by our extensions.
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Spatial behaviour for class 1
We consider the nonstandard problem P and we associate with the solution of this problem a function related to the curve-sectional energy flux. In fact this function is defined by
where ω is a positive parameter at our disposal whose value will be defined later. We define the quantity
THEOREM 1 Suppose that L < ∞, the constitutive coefficients satisfy the inequalities (2.6) and the input parameter ω is so that
Then, the function M (0) (·) has the following properties:
, then we have the following Saint-Venant type decay estimate
where 
Proof. By direct differentiation with respect to x 1 in (3.1), we obtain
Using the equations of motion (2.2) and writing the quantities from right-side term integral as
the equation (3.7) takes the following form The divergence theorem and the lateral boundary conditions (2.8), ensure us that the final integral in the right-side term vanishes and hence from (3.8), we deduce
where
By means of the proportionality relations (2.10) and (2.11) between final and initial displacement and velocity, relation (3.9) becomes
We suppose that conditions (2.11) hold true. We note that, assuming that ω satisfy the relation (3.3), we have
In view of positive definitiveness assumptions of W (0) , we conclude that M (0) (x 1 ) > 0 and therefore is a non-decreasing function with respect to
The following step is to obtain an appropriate estimate for the function M (0) (x 1 ). Using the Schwarz's inequality and the arithmetic-mean inequality, we obtain
for all ε > 0. Taking into account the relation (2.17), the estimate (3.13) for M (0) (x 1 ) becomes
Imposing that μ
the estimate (3.14) takes the following form
This is the main first-order differential inequality that we have searched for.
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The discuss of inequality (4.35) will reveal to us the spatial evolution of the solution of the nonstandard problem P.
In the case a), because M (0) (x 1 ) is a non-decreasing function with respect to
and hence we are lead to the Saint-Venant type decay estimate (3.4). For the case b), we have 0
for z x 1 L and hence (4.35) implies the inequality
which, by integrating, leads to the growth estimate (3.6).
REMARK 1 i) We note that if M (0) (L) 0, we are in the case a). For a finite plate, we can have such boundary conditions on the end x 1 = L that implies M (0) (L) = 0 and then we will predict a spatial exponential decay as described in (3.4).
ii) From the definition (3.7), we remark that the growth and decay rate ϖ 4. An extension to the class of strongly elliptic materials
We consider the problem P defined by the equations (2.7) the condition (2.9) on the end D(0), the non-standard conditions (2.10) and the lateral boundary conditionṡ
In this section we prove that, for the solution of the problem P, some similar estimates with those established in the previous section hold true for the strongly elliptic materials, i.e. for those materials for which the constitutive coefficients satisfy the following inequalities (see Gurtin (1972) )
(4.20)
To this aim, as in Chiriţȃ (2004), we consider the following cases:
Let us remark that we can write the basic equations (2.7) 1 in the following equivalent form 21) where N
(1)
For elastic materials characterized by inequalities i) we associate with the solution of the problem P the following function 23) where ω satisfies the inequality (3.3). We consider the quantity
THEOREM 2 Suppose that L < ∞ and the constitutive coefficients satisfy the inequalities i). Then, the function M (1) (·) has the following properties:
, then we have the following Saint-Venant type decay estimate 
We can find a positive constant μ
(1) M so that the magnitude of the vector
satisfies the inequality
Indeed, let us consider the bilinear forms
In view of the assumptions i), we can say that the quadratic forms F 1 (ζ , ζ ) and F 2 (ζ , ζ ) are positive definite, where ζ = {ζ 11 , ζ 22 , ζ 12 , ζ 21 , ϑ 1 , ϑ 2 } ∈ R 6 . Clearly, we have the positive constant
M (ζ αβ ζ αβ + ϑ α ϑ α ).
(4.30)
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Moreover, we have 2W
Then, on the basis of the above relations, by means of the Schwarz's inequality and by using the relations (2.3) and (4.22), we get the relation (4.28).
We deduce that
Using the estimate (4.28) we deduce the first-order differential inequality
The rest of the proof follows the steps of the proof of the Theorem 1. In this way the proof is complete.
Class 3:
In this subsection we consider other conditions upon the constitutive coefficients which help us to obtain estimates of the above type for an additional class of materials. We write the basic equations (2.7) 1 in the following equivalent form 36) where N (2)
We consider the energy
We associate with the solution of the problem P, the following function
where ω satisfies the inequality (3.3). We define the quantity THEOREM 3 Suppose that L < ∞ and the constitutive coefficients satisfy the inequalities i). Then, the function M (2) (·) has the following properties:
Proof. The main point of the proof is to prove that there is a positive constant μ
M so that the magnitude of the vector
11 ,
22 ,
12 ,
To prove this inequality let us consider the following bilinear form
The quadratic forms Q 1 (ζ , ζ ) and Q 2 (ζ , ζ ) are positive definite quadratic forms if and only if the inequalities ii) are satisfied, where ζ = {ζ 11 , ζ 22 , ζ 12 , ζ 21 , ϑ 1 , ϑ 2 } ∈ R 6 . Moreover
Hence, the same procedure with that used in the proof of the inequality (2.17) leads to the inequality (4.43). The rest of the proof is quite similar with the proof of the Theorem 1. In consequence we will not insist more on the proof of this theorem.
The strongly elliptic materials
Let us remark that a) For the class of materials characterized by the inequalities
the spatial behaviour is given by Theorem 2;
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the spatial behaviour is given by Theorem 3.
Thus, the class covered by our study is the entire class of strongly elliptic materials. where γ can be 1 and 2, respectively. We did not impose such conditions because we do not know the mechanical meaning of the quantities N (γ) α2 , γ = 1, 2. Moreover, the condition (4.19) assure a unified study of the spatial behaviour of the solution, and thus a complete study of the spatial behaviour for the class of strongly elliptic material.
Semi-infinite plates
In this section we consider the case of semi-infinite plates (i.e. L → ∞). For a given material included in the class of strongly elliptic material, from the previous sections, we can choose one of the functions M (k) (·), k = 0, 1, 2 in order to describe the spatial behaviour. In the following we assume that we have identified the appropriate function to be considered.
If M (k) (x 1 ) 0 for all x 1 > 0, we obtain that M (k) (x 1 ) → 0 as x 1 → ∞. Using relation (3.12), we obtain the following decay estimate for the weighted total energy
We remark that the energy quantity defined by (5.51) reveals a Phragmén-Lindelöf alternative type for the semi-infinite plate. In order to increase applicability of the Saint-Venant type decay estimate (5.50), we obtain an explicit bound in terms of the give boundary data. We consider that the functions a α (x 2 ,t) and b(x 2 ,t) are twice differentiable with respect to both space and time variables.
Following the method introduced by Knops & Payne (2005) for obtaining the explicit upper bound, we introduce three smooth vector function κ α (x 1 , x 2 ,t) and ϑ (x 1 , x 2 ,t) that satisfies the relations 
(5.53)
In the above problem, the constants δ 1 and δ 2 are consider for dimensional correction. We can choose these constants to be
We consider the following asymptotic behaviour of solutions of the above problems
Starting from the definition (3.1) for x 1 = 0 of the function M (k) (x 1 ) and using relations (5.52)-(5.55) and the equations of motion (2.2), together with integration by parts, we have that
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(5.57) Using Schwarz's inequality combined with relations (2.15), (4.28), (4.43) and (5.50), from (5.57) we can deduce the inequality For the considered harmonic function we have the following inequalities (see Sigillito (1977) )
where γ is a computable positive constant. Using these inequalities we deduce the following useful upper bound
The same procedure as the one used by Knops & Payne (2005) in linear elasticity (see the relation (4.12) in this paper), leads us to the inequalities
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Using the inequalities (5.60)-(5.63) into (5.59) we obtain 64) and hence, after applying the Schwarz's inequality, we obtain the desired explicit upper bound in terms of the problem data
(5.65)
Conclusions. Remarks
In this paper we have discussed only the case when the proportional terms are so that |ψ| > 1, |ζ | > 1 and |χ| > 1. Let us consider that we have the conditions |ψ| < 1, |ζ | < 1 and |χ| < 1. As in Knops & Payne (2005) , we remark that the transformation s = T − t does not change the form of the main system of partial differential equations (2.7) and of the boundary conditions (2.8) or (4.19).
This transformation leads to the following constrains between the initial and the final values conditions (6.66) In this way, the nonstandard problem with |ψ| < 1, |ζ | < 1 and |χ| < 1 is reduced to a problem with the following proportionality terms: ψ −1 , ζ −1 and χ −1 . For this problem all the results presented in the previous section hold true.
In the final part of this paper we present some numerical applications for our results. We consider the following materials: aluminum, cooper, stainless steel, glass, rubber and re-entrant foam (see Lakes (1987) The re-entrant foam is a negative Poisson's ratio material and the process of obtaining it is presented in Lakes (1987) : "Specimens of conventional foam were compressed triaxially, in three orthogonal directions, and we placed in a mold. The mold was heated to a temperature slightly above the softening temperature [...] The mold was cooled to room temperature and the foam was extracted [...] For example, a foam subjected to a permanent volumetric compression factor of 2 had a Young's modulus of 72kPa, and a Poisson's ratio of −0.7." This material is the only one, from the materials considered for numerical study, that is in all the classes given by Table 1 . The other materials: aluminum, cooper, stainless steel, glass, rubber are only in the classes characterised by the usual plate model and first extension from subsection 4.1. In this way we will be able to see the importance of extensions considered in Section 4.
For numerical computation we will consider :
From relation (3.3), we deduce that ω ∈ (0, ln 4). First, we take ω = ln 2 and from (3.5) we obtain ϖ = 1 2 . Hence, we can compute the decay rates from the Saint-Venant's type estimates: (3.4) for the usual plate model, (4.25) for the first extension and (4.41) for the second extension. As we can see from Table 3 , for the first five materials the best decay rate is obtain if we consider belonging to the class 1. Instead, for auxetic materials (re-entrant foam), we observe that the rates given by our extensions are better than the one obtain in Section 3. The second extension from subsection 4.2 provides the best decay rate for auxetic materials.
In fact, as we expected, the extensions considered in Section 4 are especially suitable for the class of auxetic materials.
It is important to remark that the Saint-Venant's type decay rates obtained in this paper are not depending on the thickness nor on the form of the plate and depend only on the constituent material.
Another way to find the best decay rate is by making a suitable choice of the parameter ω. In what follows we consider ω to be a variable that ranges in the interval (0, ln 4). We plot the Saint-Venant's On spatial evolution of the solution of a non-standard problem in the bending theory of elastic plates 19 of 22 type decay rates from estimates (3.4) for class 1, (4.25) for class 2 and (4.41) for class 3 depending on ω. For re-entrant foam, we remark that if the decay rate is between 0 and 0.0237171 (maximum decay rate for Class 1), with a careful choice of ω, all three classes can provide that value. Instead, for better decay rates ranging in the interval (0.0237171, 0.0281801), only the extensions considered in Section 4 are suitable.
